Exercise 1

A Showing Functions exist

1
Solution

()

="

From the above diagram, for any vertical line x = b, b € R, cuts the curve exactly at one point.

Therefore, the curve y = 2x” + x + 3is a function.

(b) Solution

From, the above diagram, for any vertical line, x = b, where —3 < b < 3, cuts the curve twice.

Therefore, the curve y* +x* = 9 is not a function.



(c) Solution

= =X

(&)

Since any vertical line (except x = 3) cuts the graph once, one x-value corresponds to one y-value, so thisis a

. 2. .
function. Therefore, the curve y = 3y is a function.
X—

(d) Solution

Method 1
Since x =0= y =—1or1...thisis not a function.

Method 2
Since x = 0 cuts the graph twice, y* =+/1—x is not a function.



Exercise 1

B Domain of a Function

2

Solution

(@)

-t

o

The largest possible domain is x > 0.

(b) Solution

-t

y=afx(x—4)

o (4, 0)

The largest possible domain for the function is x <0 and x > 4

(c¢) Solution

1
T (x+1)(x=2)

¥

The largest possible domain for the function is x € R, except —1and 2.



Exercise 1
C Range of a Function

3
(a) Solution

I
y=2
/, — y=1f(x)
lcf:
-
a
y
A
y=g(x)
e—2
X
o
¢ =1+In2

(b)
The range of f =(1, 2).

The range of g =(In2 -1, 00).



4
(a) Solution

y=1(x)

S

(4. 0)

a

>

(b)

The range of function fis R, =[0, 4:|.

The range of function gis R, =R.
The range of function g is R, =(2, 3).



5
(a) Solution

Sketch the graph f : x> (x —a)(x—b),xe R, x>b

From the graph of f, the range of f is (0,0).

(b)

2 2 . .
al +ba —2+4 20 has vertical asymptote x = b and horizontal asymptote y = 2.
x— x—

For the domain x > b, R, = (2, ).

The graph of y =

. 2
Alternative, we can sketch the graph y = xra
X—

to determine its range.

From the diagram, R, = (2, ).



Exercise 1

D One-one Functions and Inverse Functions

6
Solution
(@)

y

A

v =|—In(1+x)
= 0 2 » X
(2,-1n3)

From the graph of y = —In(1 + x), any horizontal line y = k, k € R, cuts the curve exactly once, so the function f is one - one.

(b) Let y=-In(l+x)
—y=In(1+x)
l+x=¢e”

x=¢7 -1

ST () =e -1
D =R

© f'(x)=1
x=1(1)
x=—In(1+1)

x=-In2
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Solution

(@)

y
A
(1.5, 16.25)

14 L~ \ o)

Y

/ \_¥y=5

/

(-2.531, 0).-" 0| (5531 0)"\

From the diagram above, we note that the line y =5 cuts the graph of h at 2 points.
Therefore, h is not 1-1 function.

. . 3
(b) From the graph, we can see that for function h to be one-one function, the greatest value £ must be >

.. the greatest value k = %
Let y=h(x).

y=-x"+3x+14

By means of completing the square,

3V 65 .
y=- x—E +T < express x in term of y

—3— /ﬁ— andwere'ectx—§+,/§—
2 4 Y ! 2 4 Y
. hfl(x):z— /ﬁ—x,xeR,xSﬁ
2 4 4
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Solution

(a) Sketch the graph of function f.

y=|2x+1)(2x-9)|

-0.5 2 4.5

Least value of a =—0.5 and greatest value of b =2.

(b) Domain of f™' = Range of f under the restricted domain.

A
- D, =[0,25]. y=|2x+1)(2x-9)|
0.25p
Let y=f(x)
— _(2x+1)(2x-9) 0.5 >
y= —|:4x2 —16x— 9] < completing the square

y:—4':x2 —4x]+9
y=—4[(x—2)2—4]+9
y=-4(x-2)"+25

y—25
x—2)y ="
(-2 ==
x=2% 25-y
4
=2- 252—x or x=2+ 252—x (Rejected since the restricted domain of fis —0.5< x <2)
NV25-x

Hence f'(x)=2- T




9
Solution

()

(0, 1) \J' =f(x)
. y=>b

For any horizontal line y =5 , where 0 <b <1 cuts the graph of f at exactly one point.
Hence, f'is one-one function.

Let y=e™
Iny=Ine™

Iny=-2x

1
x=——In
> Yy
f’l:x|—>—%lnx, O<x<l

Range of f = (0, 1).
Since Domain of f™' = Range of

. Domain of f™' = (0, 1)

Domain of f = (0, ).

Since Domain of f = Range of f'

.. Range of ™' = (0, o)

(b)

The relationship between the f and its inverse is the reflection in the line y = x.

Learning Point:

A point (a, b) on the y = f(x) will become point (b, @) on y =f'(x).



(c) To find the point of intersection between fand f', we equate f(x) = x.

ie. e¥=x
Inx=-2x

* Inx-2x=0 (Shown)

(d) Using a graphic calculator to solve equation Inx—2x =0.

. x=0.4263



10.

Solution
(@
Yy
A
y=f(x)
({),(}.5)/
» X
S
(-0.5,-1)
(b) y=1(x)
e
y+%=\/x+l
1 2
x—(y+zj -1
1 2
SN (x) = —| -1
(%) (x+2]
Dfl _(__9 j and Rf—l Z(—LOO)
()
y
(S

(0,0.5)
(-0.75,0)

1-057

-0.5,-1)

(d) Thelineisy=x

0 /(05,0
(0,0.75)



Method 1

Consider f™'(x) =x

2
(x+lj -1=x
2

X +x+l—1 =x
4

Method 2
Consider f(x)=x

x+l—l=x
2
Vx+1 :x+%

x+1:x2+x+l
4

3
X' ==

&

x= r ——— (rejected as x > —0.5)

2

\3
— o
2

(e) From the sketch in (¢)

The solution set is {x eR,-05<x< 7 .

2

(0, 0.5)

(-0.75.0) 1"/

(4;nﬂ{,
(-0.5-1)




Exercise 1

E Composite Functions

11

Solution

(a) fg(x)="f[g(x)]
=f(x>+4)
=(x" +4)

=x"+8x* +16

fg(x) = x* +8x* +16,x e R

(b) gf(x)=g[f(x)]

-]

=(x*) +4

gf x> x*+4,xeR

() ff(x)="1 [f(x)]
=f [xZJ
— (x2 )2
= x4
f2ix x*,xeR
Learning Point:
Refer to (a) and (b). we note that fg(x) = gf (x).
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Solution

Let y=f(x)=x+1
x=y-1 < express x in terms of y

ST () =x-1

(a) x=ff"(x)
g(x)=g[ f(f(x))]
= g[f(x—1)]

Given gf (x) = x
g [f(x - 1)] =(x=1) < replacex byx—1

g(x) = (x-1y

(b) x=f"f(x)
g(x)=[f'f(g(0)]
g =1"(")

v () =x-1
f'(x*)=x" -1 <replace x with x’

sog(x)=x" -1
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Solution

(a) Given hg(x)=e¢'(x+2)
h(=1+In(x+2)) =" (x+2)
— efleln(x+2) 4 elna —a

h(~1+In(x+2)) = "2

h(x)=¢" <replaced —1+In(x+2) by x

.. the expression for h(x)is e”.

(b) fh(x)=f[h(x)]

-i[¢]

e+l

X

€

X

e +1
fh:xt>—,x>0
eX
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Solution

(a) R, =[0,%) D, =(~»,2)

(b)

For fg to exist, Rg cD;

Since, R, & Dy, fg does not exist.

For gf toexist, R; = D,

Rf = (_1’ OO) and Dg = (—OO’OO)

Since R; = D, gf exists.

gf (x) = g(x* —4x+3)

=In[(x* —4x+3)’ +1]
Dgf =D; =(-x,2)

Sketch the graph gf(x) = In[ (x* —4x +3)* +1], x < 2.

MORMAL FLOAT AUTO REAL RADIAN HP n

Plotl Flotz Plot3

((x “r1)

vy 1B1nl (x2-4x+3) +1 ) (x<2)
Yl

ENY3=

BNYa=

ENY5=

\NYe=

ENY 7=

ENYg=

From GC, R; =(0,0)

NORHMAL FLOAT AUTO REAL RADIAN MP n

—
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Solution

(a) Sketch the graph of function f to obtain the range of f.
We have R; = (—o0,1).

Since R; = (—o0,1) z D, =(0,1)

Thus gf does not exist.

()  fg(x)="f(nx)
2

Inx—1
_Inx+1

=1+

= < express as single fraction
Inx-1

Inx+1
o fg(x) =

Inx—1

There are two methods to find the value (fg) ™' (0).

Method 1

Let x = (fg)'(0)
fg(x)=0

ay=fx)ef'(y)=x

lnx+1:

Inx—-1
Inx+1=0
Inx=-1
x=¢"
Since x = (fg)"'(0)
o (fg) ' (0)=¢

Method 2
Let y=1fg(x)
_Inx+1

" Inx-1
ylhx—y=hnx+1
Inx(y-1)=y+1

mx=2*t
y—1
LH
x=e"!
x4l
(fe) ' (x) =e*!
0+1
~ (fg) " (0)=e

—1
=€




(©(@{) Given gh(x)=x
h(x)=g™(x)

Since g”'(x) =¢"

- h(x)=¢"

(¢)ii) Method 1
Given hg(x)=x"+1 <replace x by g (x)
g () =(¢ () +1
Since g '(x)=¢" and gg "' (x) = x
h(x)=(e")* +1
s h(x)=e™ +1
Method 2
Given hg(x)=x"+1
h[g(x)] = x> +1
h[(Inx))] = x* +1
h(lnx)=(E"" )" +1 <" =x
h(x)=(e")* +1 < Replace In x by x

. h(x)=e> +1
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Solution
(@) D, =[-7z,z] andR, =[-11]
1

For gf'to exists, R; € D,
.. gfexists  (Shown)

gf(x) = g[f(x)]
=2sin’ x +sin x

. gfixt> 2sin’ x+sinx,xeR,-7<x<7x

D, - [_ﬁ,ﬁ]—w[_l,l]—g{_%,ﬂ

1
Rgf =|:—§,3:|

NORMAL FLOAT AUTO REAL RADIAN HP []

(b) Use GC to obtain the graph of y = 2x* + x. CALC HINIMUH

Y1=2K2+¥

From the graph, the minimum point (—%, —%) \ V
1
Rangeof g = —g,oo

First restricted domain of g such that g, exists,

1 1
D, = [_Z’w} or D, :[—oo,—z}

. . 1
For g, has the same range as g, the restricted domain to be {—Z , oo}.



17 Solution

@) Let _ax+ b

cx—2
oxy—2y=ax+b
x(cy—a)=b+2y

‘o b+2y

cy—a

_y+b

cy—a
)= 2D
cxX—a

Given that f is a self-inverse function, i.e. f(x) = ™' (x)

ax+b 2x+b
cx—2 cox—a

Comparing the above equation.

a =2 (Shown)

(b) Since fis a self-inverse function,
ie. f(x)=f"(x)
ff(x)=ff'(x) < introduce function f on both sides
£2(x) = ff ' (x)
=x

PP () =x

(¢) Already shown that f'is a self-inverse function,
f"(x)=x,if n=even.
f"(x)=f(x),if n=o0dd.
So, f”'(x) = f(x)
Hence, f’'(4)=1(4)

2(4)+3
C5(4)-2

11
@) =—
@ 18



(d) Forfgtoexist,R, < D;.
R, =[-3,%) and D, :(—oo,—)u(g,ooj

Since R, & D, fg does not exist.

) gf(x)=5
glf(x)]=5
2x+3

g(Sx—Zj_S

2
2[2x+3] _3-5
5x-2

2
2(2x+3} -3
5x-2

4x* +12x+9 = 4(25x* —20x +4)
96x> —92x+7=0
_92:+.,/8464-4(96)(7)
e 2(96)
92476
192
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Solution

(@) a=5
5 has to be excluded from the domain of f as it does not have an image under f, which will then

mean that f is not a function.

(b) Let y=2=3
x=5

Sx—

y:

X—
y(x—=5)=5x—
y»x—=5y=>5x—
yx—=5x=5y—
x:_Sy—

y—

£ () = 2%

Since f™'(x) = f(x), ..fisself -inverse.

(c) Since f is self -inverse, f ' (x) = £ (x).
£ (x) = [ £ (x) ]
= [ ff(x) ]
= ff[x]
=X

() =b

Given f*(b)-2=f"(b)

b-2=£(b)

p_p_2b=3

b-5

b —7Tb+10=5b-3
b —12b+13=0

b=6+\/§ or b=6—«/§

@ [e‘°»W)—L>[10,w)44[5,?}
47
ng = (59?:]
Learning piont:

Takethe R, = [lO,oo) as the restricted domain of f and read the corresponding range to obtain R .

Refer to similar question: Follow up 14d.
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Solution

(a) Use GC to graph function g and obtain range g. .. R, = [—2,00).
For the composite function fg to exist, i.e. R, = D;.
As [200) <[-hoe)
So -2>-h
Soh=2

(b) Mapping Method
(-Lo]—— [-2,0) ——[In3,»)
— —
D, R, =Restricted Dy Ry,
Since f(-2)=1n3
In(-2+1+4)=In3
—2+1+h=3
Soh=4
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Solution

(a) Any horizontal line y = &, (k € R) cuts the graph of f
at most once so f is a one- one function.

Hence, function £ exists.

5

(b) R,=(3,%) and D_, =R, :{_Z,wj

. -1 .
Since R[g c Drl ,f gexists.

y=x"+3x+1

—(x+§j2+1—2
4 2 4

3 f 5

x=——=x= +—

2 Y 4
Sincexg—é,x:_z_ {y+§
2 2 4

3 5

i (x)=—=-,|x+=

(x) 5 «/ 2

flg()=f"(3+e7)

3
=——— e +—
2

. -1
Domain of g, Df,Ig = Dg =R

(¢) Given range of hg = (In5,0)
R, = Restricted domain h = (3,0).
h(3)=1n5
In3-k+1)=In5

>

Sok=-1

-

<R, is obtained from the graph g



Exercise 1
F Piecewise Functions

21
Solution

(a) The graph of y=f(x) for —-5<x<11

(=5.1) (L.L1)  (7.1)
17
[]],EJ

@,0) (10,00 "

(b) £(-10)=(2)=+/3-1and f(36) = f(0) =§
f(~10)+£(36)
2
=\3-1 +§

o
3
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Solution

(a) The graph of y=f(x) for—4<x<3.

(-4, 2/(0,2 (2,2)

2N e

-4 =2 61 2 3

(b) Method1
By the horizontal line test, the line y = 2 intersects the graph f more than once, f is not a 1 - 1 function.

Thus, ™' does not exist.

Method 2
Since f(-2) =f(2) =4, f is not 1 - 1 function.

Thus, f ' does not exist.

(c¢) Forf™' to exist, function f needs to be 1-1function.

La=-3.

(d) Graph the function f with restricted domain f= (3, 1] , as shown.

From the diagram, we note that

y
For -3<x<-2,
D; =[-3,2] and R; =3, 4] (-2,4) y=£(x)
y=x+4+2
xX=y—-06 (L,3)

(=3,3)
s ' (x)=x-6, xe[3, 4]
2,2 [©-2

For-2<x<0, >
D, =[-2,0] and R, =[0, 2] B3 20 ‘ ]

y=-x

x=-y

s () =—x, x€[0, 2]

For0<x<l1,

D; =[0,1] and R, =[2, 3]
y=x+2
x=y-2

S () =x-2, x€[2, 3]



x—6, for3<x<4

fixedx-2, for2<x<3

—X, forO0<x<2
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Solution

(a) £(0)=1

(b)

f(1)=2-£(0)=1
£(2)=2f(1)=2
f(3)=2-f(2)=0
f(4)=2f(2)=4
£(5)=2—f(4)=-2
£(6)=2f(3)=0

- £(3)=0,f(4)=4,and f(6) =0

Since f(3) = f(6) = 0 which give the same output value, therefore f is not a 1- 1 function,

Hence, f does not have an inverse.

Alternative Method (Graphical)

Since y = 0 cuts the graph twice at x =3 and x = 6, therefore f is not 1 -1 function.

Hence, f does not have an inverse.
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Solution

(a) The graph of f(x)=e " forxeR,x>—1.

-

(=1,1)

-

\Ql 1)
v=k
\\__ y=1(x)

e X

o

The line y = k, k € R, cuts the graph of y =f(x) at most once.

Therefore f is a one - one function. Hence f ' exists.

—(x+1)?

Lety=e
Then Iny=—(x+1)
x+1:im

x=—lim

Sincex>—1,x=—1+\/m

Hence f':x —> —1++/-Inx, 0<x<l.

(b) ff'(x)=xwhenxeD_..
D, =R, =(0,1).
Hence ff ' (x) = x when x € (0, 1).

Range of values of xis 0 <x <1.

(¢) Use GC to graph g.
From graph g,R, = [—2,5]. ) A
y=g(x)

/’\
(0,4)

/ (2.0)

=X

For fg to exist, R, < D;. (3,-2)
Now R, =[-2,5]and D, =[-1,0].

Since[-2,5] & (-1, ), fg does not exist.



For gf to exist, R, < D,.
Now R, =(0,1)and D, =[-3,3].

Since (0,1) =[-3,3], gf exists.
@ gf()=g(e)
=4-2¢" xe(=1,00)
gf(x) > 4-2¢ " x>1

Learning point:
Recall Rule: D =D;

(=1, 0)——(0,)——>(2,4)
Rgf = (25 4)
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Solution

(a) Consider thedomainf: 0<x<a

y=ae""

a—x:ln[ij
a

=
|
Q

|
5

Ne—

f'(y)=a-In

Ne—

Q=% = =<

Ne—

f'(x)=a-In

For D, =[0, a), R, =D, =[a, ae)

i x
f l:x%a—ln(—], a<x<ae
a

Consider the domain f: a < x<2a,
1
y=a-—(x-ay’
a

(x—a)Y=da’—ay

x=ai«/a2—ay

Since x > a,

Learning point:
y=1f(x)
() =x

L x=a+a'—ay or x=a—+a*—ay (Rejected)

ST (W) =a+Ajat—ay
f'(x)=a+Va* —ax

For D; =[a, 2a], R; =D, =[0, 4]

_ x
f Vx—)a—ln(—}, a<x<ae’
a

a+~a* —ax for0<x<a

fixo X
a—In| — fora < x < ae’

a



(b)

> =

2a¢—_ y=1"(x)

il

(© R, =[0,2a] and D, =(0,0)
R, &D,

. gf ™" does not exist.



Exercise 1

G

26

Applications

Solution

(a)

(b)

©

(@)

When f(1) = 216, it means that when the individual works 1 hour per day, his job satisfaction is 216.
When f(9) = 216, it means that the individual works 9 hours per day, his job satisfaction is 216.
Therefore, it is not necessarily true that when a person works long hours he will have high level of job satisfaction.

R, =[75,1200], D, =[0,1000(e—1)]
Since R; < D, the composite function gf exist.

The composite function gf models the happiness index based on individual's job satisfaction.

< ) ;_f_ C[E_{;SAIE;D & ['(')_._3_34.0.;)_:_6]>

The range of values for gf is [0.834, 0.920].

Given f is an increasing function,
it implies that f(b) > f(a)such that b > a.
and since g is a decreasing function,

itimplies that  gf(b) > gf(a).

.. the composite function gf will be a decreasing function.

(e) Given that the happiness index based on individual's job satisfaction lies between 0.7 to 0.9 inclusive,

ie. 0.7<gf(x)<0.9
0.7 < gf(x)<0.9
g'(0.7) < f(x) < g '(0.9)
258.68 < f(x) < 704.53
f(258.68) < x < f '(704.53)
8.8859 < x <12.961

A Tsssson £1 /25868 &% 07N\
\J2o61] S\ J04s3) ST\ 09) )

.. Range of the number of work hours =[ 8.8859,12.961].



Use GC to graph h(x) = 400 —(x—10), for 8.8859 < x<12.961

NORMAL FLOAT AUTO REAL RADIAN HFP n

TR
+——+-1

8.8859 12.961

When x = 8.8859, h(8.8859) =398 (correct to nearest integer)
When x =12.961, h(12.961) =391 (correct to nearest integer)

From the graph, the range of the personal savings of an individual will be from 391 dollars to 400 dollars.
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Solution
(a) When =0, f(0) =25
acos| Z(0)-Z |+h=25
24 2
b=25
When ¢t =12, T =1(12)
acos| Z(12)-Z |+ 5 =38
24 2
a+b=38
a+25=38
a=13
(b) a = S but f(a) =1(f). ¥
By symmetry of the curve. A
a+p )
27 12 (12, 38) 'y \
2 o _\'=13cos| ir—il—?j
_ B | \ 24 2
i i(g‘qa_‘j_'
IR ,B >
Alternative method

(¢) The composite function gf represents the rate of absorption of energy of a solar panel system ¢ hours

after 12 midnight on a typical day in May.

R, =[25,38],D, =(23,)

Since R; = D, the function gf exists.

(d) From (b)
fa+p,a+p =24,
f(a) =1(p).
= gf(a) = gf(B)

Hence, gf is not one - one, (gf) ' does not exist.



Alternative method

Sketch the graph y = gf (¢).

31.9 /\

10.9

The line y = 20 cuts the graph of y = gf (¢) more than once. gf is not one-one

Hence, (gf)"' does not exist.

() Atspm,t=12+s.
For 12—s5<t<12+s

T T
13 —(12—-5)—— [+25<f(t) <38
008(24( s) 2) )

13003(—(12 s)—%j+ 25<f(1)<38

13cos[ls +25<f()<38
24

+25<f(t)<38

[\

13cos(—£4s +25<f(f) <38

501n(13cos(2—7;sj+ 25} —150 < gf(¥) <50In38-150

.. Range of rate of absorption

[501n[13cos(ﬁsj + 25} 150, 501n38—150}

38
13cos(£.€J+25 -

24 !

(10,25)

<cosd = cos(—0)

50In38-50

501n| 13cos| s |+25 |-150
24

Of12-s 12 12+s 24

A

y=g(®

23 38

13cos| Zs |+25
24



Alternative method
. T
Graph the function gf(¢) = 501n (1 3cos (ﬁt - Ej + 25} —150.

Whent=12-s,

ef(12—5) = 501n(13cos(%(12—s)—%j—i—ZSj—lSO

~50In 1300s(£s]+25 ~150
24

T
When ¢ =12+s, 501n(13cos{£.9J+25]—15[}

V1 V4
f(12+s)=13cos| —(12+s)—— |+25
gf( ) (24( ) 2)

Since12—s+12+s =24, gf(12—s) = gf(12+5).

Range of the rate of absorption of energy of a solar panel system

= [50111 (l3cos(%sj+25]—150, 31.9} < (see graph gf)

y
A
12,31,
31.9)..U2319)
y =gf()
10,9 i 1 iy
Ol12-s 12 12+s 24

» [



Exercise 1
H Mixed Practice
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Solution

(a) f(x)=\/§sinx+cosx

Rsin(x+a)=Rsinxcosa + Rcosxsina

Rcosa =3 oo, €8
Rsina =1 .....cceuenen. 2)
(1P +(27: R=y(3)+1=2
Q' ‘[anoz:L
@) 3

T

a=2
6

Hence f(x) = 2sin(x + %)

(b) When y =-2,

. A A
2s1n(x+g)— 2 NG -
1]
sin(x+£}:—1 ! / iJI:f.(AE x
6 -7 3 ,.'G L
[V . | 2
L (—E.—l)\/ :
6 2 Lol
2r [ 2r .
) 5
. o 2
.. turning point is (—T, - 2].
From the graph, R, = [—2,\6 ]
. . 2r 7w
(¢) From the graph above, the largest domain of f for f exists is 3% )

Let y= 2sin(x+%}

x=sin"" (Zj _z
2 6

f‘:xl—)sin‘(%}—%, xeR,-2<x<+f3



From the graph, R, = [—3, 0].

R, =[-3,0] and D, = (—n,%)

Since R, < Dy, fgexists.

D, ¥
— R, =restricted Dy restricted R =Ry, A [f_ JEJ
— ——
{_E,l}_, [-3.0] - [-21] 1/0 ‘
2°2 , /
From the graph on the right, R, = [-2.1]. - Al =
(=7,-1) -14
-1.2344
SR
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(a) The graph of y =f(x)

(b) When x < E, every horizontal line y = k, k € R, cuts the graph y = f(x) at exactly once.
Hence f is one - one and therefore f™' exists.

The greatest value of £ is a4

() Let y=f(x)
=a’x—ax

a 1({d’
x:—i —_ ——
2 a{4 Y
. a a 1{d’
Since x<—, . x=—— || ——y
2 al 4

2
1 3 3
Hence,f'ix > 24— |1 & x| xeR x<“
2 al 4 4

The graph of y = f™' (x) is a reflection of the graph of y = f(x)in the line y = x

a 3
—oo,I} and D, :(—oo,a J

@ R, =(

Since R; < D "
the composite function gf exists.

(€ D,— >R, —>(-»,a’]

D, = <_oo’a3}
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(a) Lety=-2%
x—1

X=—

y-p
a7 () = —

Since f is self -inverse, p =1.

() R; =(-o,1)U(1l,0)and D; = (-o,1)U(1,0)
Since R, = D,, f* exists.
Learning point:

R; =(-0,1)U(1,0) writtenas R; =R\ {1}
and D; = (—o0,1) U (1,0) can be written as D, =R\ {1}

(©) £ (x)=1ff"(x)

=xforxeR,x=1.

Range of f?, R, =(-o,1)U(l,0)

(d) Since f™'(x) = f(x),
f"(x)=x,if n=even.
f"(x)=1f(x), ifn =odd.

So, 2" (x) = f(x)

£2019 () =L1forxeR,x¢1.
.

(e) Substitute the minimum point (%, In %) into the function h.
lnﬁz In La+lb+c
8 16 4

1 1 39
—a+—b+c=—
16 4 8

A+ADH16C=T8 woovoovveeeeceerrrerrre (1)

2ax+b
h'(x) = —F5——
ax” +bx+c

1
Atx=—,h'(x)=0,
2 (x)

2a[lj+b
4

1.e. =0

(T




gh(x) =" 12 e =g
=ax’ +bhx+c+2
Given gh(l) =8,
ie a(l)> +b(1)+c+2=38
: A+D+C=06 e, 3
Using GC to solve (1), (2) and (3).
~a=2,b=-landc=35.

s h(x) =In(2x* —x +5)
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(a) When x =3, f(-3) =1(0).
.. fisnot1-1, hence f does not have an inverse.

(b) The graphof y=f(x)for-1<x<6.

“10| | 4 6

(©) f(2017)=£(2014)=£(2011)=...=f(1) =3

(@

For the graph, the values of x such that g(x) =g (x)is 1 < x <3.

(&) R =[L4)z[0,3]=D,

- hg™" doesn't exist.



(f) For domainl<x<3
hg(x) = h[g(x)]
=h[4-x]
=(@4-x-1*
=3-x)*

Learning point:

We know that for hg to exist, R, = D,.

R, for g(x)=4-xis[l,3], D, for h(x)= (x-1)*is[l, 3] and D, for h(x)=+/1-x is [0, 1)
We substitute (4 — x) into g(x) = (x—1)* since R, =[1,3]=D, =[1, 3].

For domain3<x<4
hg(x) =h[g(x)]
=h[(x—4)’]

=J1-(x—4)

Learning point:

We know that for hg to exist, R, = D,.

R, for g(x)=(x—4)" is (0, 1], D, for h(x) =(x—1)* is [1, 3] and D, for h(x)= JI-xis[0, 1)
We substitute (x —4)” into g(x) =+/1-x since R, =(0, 1]= D, =[0, 1).

3-x)* for1<x<3,
hg(x) =

JI-(x—4)  for3<x<4.

@

NORHAL FLOAT AUTO REAL RADIAN HF I:I

y=h(x)

D, =[1,4)—>R(restricted D, ) = (0,3]——R,, =[0,16]

Therefore, range of hg = [0,16]



Exercise 1

I  Higher Order Questions
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Solution

(a) The graph of g

e L L LT,

E

(b) From the graph of gin(a), R, = R\ {az}
D =R, =R\{d}.
For g’lh toexist,R, < Dg,] .
R, =(a’,)and D = R\{az}.

SinceR, =D, g'h exists.

(c) For the range of g'h,
D, —'5R, = (a®,00)—E—(a,)

So,R ., =(a,»)

'h

(d) Given g 'h(m)=m

h(m) = g(m)
,  a'm

m- =
m—a

3 2 2
m —am”-=a'm
m’ —am* —a*m=0
2 2
m(m” —am—a)=0

m=0 (rejectedsince0gD,) or m’—am—a’ =0 (Shown)



Form* —am—a*> =0
_ —(—a)£y/(—a)’ —4(1)(-a’)
m=
2(1)

at~5a
2

-4
—2(11pr)

Since m>a, m =%(1+\B).
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b

(a) The graph of f *

Since any horizontal line y = k cuts the graph of f at most once, therefore f is one - one.

Let y=-In(x-b)

x=e’+b

Cflixb e +b,xeR

(b) D, =(b,») and R, =[-1,0)
For fg to exist, R, < D;
Since [—1,00) = (b,)

Hence, greatest integer value of b = 2.

© f:x>-In(x+2), x>-2

Dy, =R——[~1,00)——>(~0,0]

. the range of fg = (—o0,0].
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(a) Givenx <m <2, fis one-one function.

. ! exists.

1
R; —(0, =2y ]and D, = (-0, m).

. 1 .
For f? to exist, R; ¢ Dy, the values of ———— must lie between 0 and m.
m—

re. 0<

<m

Consider > <

(m-2)
1<m(m-2)
1<m(m® —4m+4)

m —4m’ +4m—1>0

Solving with GC,

0.382<m <1 or m=>2.84 (reject since m < 2)

5 0382<m<1

1

(b) J’:m

x:2iL
Jy
. 1
Sincex<m<2, x=2——.

Jr

() =2 -

Jx

1
D ,=|{0,———|and R_, = (-, m).
f ( (m_z)ZJ f ( )

. -1 _ _L — —1 = (—o0
L () =2 N [0,(m_2)2j,Rf1 (=0, m).



2 1
=

-
((x—lzf B 2)
(x-2)°
(1-2(x-2)*)
(x-2)°
(1-2(x-2)*)

D; =D, =(-o0,m)

D, = (~o0,m) ¢ [0’ 1 ] ¢ l’ (m_2)4
(m-2) 4 (1—2(m—2)2)2

4
Range of f> = 13(711;2)2
+(1-2(m-2))

2 (x) =

fl(x):Lyz’ sz = (—o0,m), sz - l’m;ZYZ
(1-2(x-2)?) 4 (1-2(m-2))
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@) g =x+>
X

o
g=1-7

If « > 0, g will have a turning point at x = Ja, making g not an one-one function and g™' will not exist.

If a =0, g(x) = x is a straight line..". g is a one-one function.

a . L . . . .
If & <0, g'(x) =1-—; is undefined. g is an increasing function and hence g is one-one function.
x
. range of values of « such that g' existsis o < 0.

Learning point:
Consider the different scenarios :

A a<0 A a=0 A a>0

0( 0 0

From the above diagrams, the range of values of « such that g' exists when o < 0.

. 4
(i) Giventhata =4, g(x)=x+—, x>0
x
At stationary, g'(x) =0.
4 NORHAL FLOAT AUTO REAL DEGREE HP

1——2 = 0
X CALC MINIHUM
=12 Y2zX 4/

From the graph, x > 2, for g to be one-one function \/

.. the least g =2.

000007 Y=y

0




Lety =g(x)
4
y=x+—
x
xy=x"+4

_ iy —404)

2

y+1/y2—16

2

g7 (%) :%(x+\/x2 —-16)

Sincex>2, x=

D =R, =[4,x)

g g

(b)(i  From the diagram, when the domain f = (—1, 0] )
the range of f remains the same as =[0, o).

y=£(x)

N
o

x=-1

. restricted domain of f such that ' exists and the range of f remains unchanged = (—1, 0].

(i)

1-x

(i) fglx)=- [3 m]
2- \/1 X
1+42-+1-x

g(x)
()= [ (x>+1J

f’](x)z——
x+1

R



Let y=-——
x+1
=2
y+1

() = ——2
x+1
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(a) Forf™' to exist, f must be 1-1 function. (See graph)
Determine the turning point by differentiation.

f(x) = e ¥

£'(x) = 2(x +a)e®

»
: o

At stationary, f'(x) =0 yetzsar
2x+a=0 1,
a
Xx=—
2
a ¢
hk=——
2

(b) Let  y=f(x)
y= erra)
Iny=_2x+a)
2x+a==%lny
=2 i2 Iny

—a—4lny

Since x < —ﬁ,
2 2

VInx

f-l(x):_‘)‘_T and D, = (1, 0)

Learning point:
D, =R;(l,0) (refer to the diagram (a))

(¢) When o =1, f(x)=e®>".

D, = (—oo,—l} and R, = (—l, 1}
2 2

Using GC to obtain the graph of ™' and graph of f'f.

A

(=3

(53)
\ 2o

y=ff(x) (1 _Ol\?““'- —
. ; | E.-l y=f1()




(d) g(x):|x+a|+a
_{x+2a, x>-a

—X, x<-—a

y=g(x)
(0,2a)

(-a,a)

(e D,=R_, :[—oo,—%j and D, = (o0, 0)

. -1 .
SinceR_, = D,, gf ™ exists. (Shown)

[
o

(—a,a)

(@)

—1 1
a, oo)—f—> —00,—— ——)[a, oo) < see the above diagram
2
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(@ R, = [—1, 4] and D; = (-2k, 2k), where k > 2

Since R, < D;. Thus fg exists.

(b))  feg(-1)=f(0)=—k

NORMAL FLOAT AUTO REAL RADIAN MP n

(i)

f

[-2, 21—55[-1 4] — [k, 4—k]

Rey =[k, 4—k]

Learning point:
Refer to the above diagram.
UsingR, = [—1, 4] as the restricted D, for the graph of y = |x| — k. (red curve) to obtain the range.

This range is the range of fg.
LRy =[-k,4-k]

(¢) Given that k =3, f(x)=|x|-3, for —6<x<6.

fg(x) = f[g(x)]
=|g(x]-3

Graph of y = fg(x)

i
1 T, 1
e I
215 170 115 2
(-1.5,-2) 2 (1.5,72)
273 (13 [P amy &3




Learning point: y

how to sketch y = fg(x) 4
« Retains the graph above the x-axis and reflects 1 7=l
the graph below x-axis in the x-axis. /\/
2 15 10 15 2 > F

. y=|gx)|-3
. . . . 1 N
« Translates the graph in the negative y-direction by P

205 1/0 x
3 units. (i.e. move the graph down by 3 units) 1.5:2)

(-2,-3) (-1.-3)

115 2
-2 (15,2)

Bk @
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(a) The graph of f

s | o

(b) Any horizontal line y = k, where £ € R, cuts the graph of f at most once.

. —1 .
Hence, f is one - one. Hence f exists.

Lety =f(x)

5
X2 +2x+3
_ 5
X +2x+3
B 5
S (x+1)P+2

(41 =—— 2

y—1
. 5 . 5
Sincex >0, x=—-1+ |——-2 andreject x=—-1—- [——2
y—1 y—1
ST () =-1+ {i—z
x—1
8
D, =R; :(l,g}

y=1+
y—1

y—1

©

e =11¥

<
i | e



(d) D, =[0,)andR, = (1, g}

Since R, = D,, f* exists.

sz[om)_f{]ﬁ}_f{lm 11]

3 13976
- the range of f* = ﬁ)ﬂ

139 6
Learning point:

Whenx:l,y:1+2;zﬂ
O*+2()+3 6
Whenx=® yo1p > 184

3 2 139
[§j +2 §j-rS 39
3 3
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(@) Lety=f(x)=x"+Ax-A’

A [ A
2 Vg
522
TS PR
(x) A

A

Alternative Method (to find f inverse)

y=x>+Ax-A*
XA Ax-A—y=0
Using quadratic formula,

I JAZ = 4()(=A" - y)

2
Lo A A4y
2 2
A 517 +4x

2

fﬁl (X) = —E —

(rejected since x < —i) or x=——-
2 2

(b) R, =(0,0) and D, = [—oo,—g:|

Since R, & Dy, fg does not exist.

(© gf(x)=g(x’+Ax-1%)

2 2
XTHAx—A
=" ™

2 2 A
Logfix et x<-Z2

Learning point:

A
5, 0,-| = 2]

2 52
(—oo,—i} f ok ,0 |—f—>le 4,0
2 4

52

The range of gf, R = l:e 4

.

A AJ5A7+4y
2
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xX+a

+a

(@) ff(x) =%

x+b

x+a+a(x+b)
x+a+b(x+b)

_x+ax+a+ab
X+bx+a+b?

Given  ff(x) =g(x)
x+ax+a+ab
x+bx+a+b’
x+ax+a+ab=x(x+bx+a+b")
=x" +bx+ax+b’x
(1+b)x* +(b> —Dx=a(l+b)

Compare the coefficients of x’

1+b=0
Lbhb=-1

®) Let y=21¢
x—1
y(x-1)=x+a
Xy—y=x+a
Xy—-x=y+a
Lovtra

y-1

() =2t
x—1

(c¢) The condition is a =b.
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(a) Givenf:x —2x" +4x,xe{-2,-1,0,1,2}
D, ={-2,-1,0,1,2}
R; ={-16,-6,0,2}
Since f(0) = f(2) =0, it is not a 1-1 function.

.. f does not have an inverse.

(b) R; ={-16,-6,0,2} and D, = (-0, a) U (a, ®)
For gf does not exist, R; ¢ D,.
na=2

(€ Let y=-“

x—a
yX—ya=ax
yx—ax=ya

x(y-a)=ya

g =2

gl (x)=

ax
,X#a

X

g(x)=g'(x) forallx,x#a (Shown)

(d) Sinceg(x)=g ' (x)
gi(x)=x
g (x) =g(g’ (x)) = g(x)
g2019f(1) — g2019(2)
=g(2)
_3@
S 2-3
=6



(d) g2019f(1) — g2019 (2)
In (c), g is self-inverse, Since g(x) =g~ (x)
g'(x)=x, if n =even.

g"(x)=g(x), ifn=odd.

So, g2019 (x) = g(x).

g’ (2)=g(2)
_ 32
T 2-3
=6

. g2019 (2) =6



42
Solution

(@) (i) Lety=f(x).
_3x+k

~ x-b
xy—by=3x+k
x(y=-3)=by+k
by+k

x=%

by +k
y-3
_bx+k
T x-3

()=

L ()

Given fis self-inverse, i.e. f(x) = £ (x).

3x+k  bx+k
x-b x-3
By observing the denominators.
Lob=3
3x+k 3x+k

When b =3, now <replace b =3

x-3  x-3
If k = -9, then function f will become a horizontal line. Hence ™' does not exist.

L keR, k-9

(i) fg(x)=2x-1

g(x)=f"'2x-1)

=f(2x-1)
_3Q2x-D+k
(2x-1)-3
_ 6x—-3+k

2x—4

6x—3+k
=X

,X#E2
2x—4

,X#E2
g(x)

(b) The graph y =h(x)

44
» X

400 -11]0 2 5
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(a) The graph y =f(x)

-
et
Il
o
~
=
S

From the graph y = f(x), a horizontal line y = 2 cuts the curve at 2 points, so f is not one - one.

Hence f does not have an inverse. (Shown)

Alternative
From graph of y = f(x), a horizontal line y = k, where 0 < k£ <16, cuts the curve at 2 points, hence f is not one - one.

Hence f does not have an inverse. (Shown).

(b) For function f inverse to exist, function f needstobel-1.

This occurs when x > 3. < (see diagram in (a))

.. the minimum value of a is a = 3.

Letx y=(x-3)*
x—3:i{‘/;
x=3+%y or x=3—{‘/}(rejectsincex23)
a0 =3+3x

f'ixi>3+4x, forxeR, x> 0.

(¢) Graph the function f to obtain the range of f, as shown in the diagram.
R, =[16,0)and D, = (3, ) )
Since R, < D, gf exists. | y=f(®)
III
(5.16)¢

X

g
gf(x) =g((x-3)"),x25
=In((x-3)"-3)
Given gf (x) =In78
In((x-3)"-3)=In78

(x—3)* =81
x—-3=3 or x—-3=-3

x=6 (withindomain of gf) x=0 (rejectsincex>5)
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(a) Method 1: Horizontal Line Test

. -x 4
f:x—>1+2e" ,xeR 0.3)
y=2 |

Since the horizontal line y = 2 that intersects T
the graph of y = f(x) more than once, f is not one-one. 5

f does not have an inverse.

Method 2 : Counterexample

Since f(-1)=f(1) = 1+%, f isnot one - one.
e

f does not have an inverse.

(b) Largest valueof kis0. <« (refer to the graph above)

(¢) Let y=I+2e™"
y—1= 2¢

=
{5

—x*=In

2
X =

xX*=+|-In

. . . -1
Since x < 0 (restricted domain of f), x=-— —ln[y j

2
e __/_ x-1
LT (x)= ln(—2 j

(d) Rangeof f =(1,3] and Domain of g = Range of g™ =(1,3]
Since Range of f < Domain of g,

gf exists.

(¢) Since R, =D,, Rangeof gf = Range of f =(—o0,0]
Range of gf =(—0,0]
Domain of gf =R
Learning point:

For gf exists, R; € D, and furthermore R, c R;.
IfR; =D, thenR , =R,



(H) Given that gf (x) = x,
so gf(-2)=-2

g 'gf(-2)=g™'(-2) <g” both sides
g (-2)=1(-2)
=142

gl (=2)=1+2¢"
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(a) Refer to the graph f(x)=x" +4x—5 \ ;7)=x2+4x5

For fto be 1-1 function, x > -2 or x < -2.

Largest exact value of & =-2.

Let y =f(x) (2.29)
y=x"+4x-5
=(x+2)" -9
x+2:i\/m
x=—2i\/m

Sincex<-2, x=-2-/y+9 and x=-2+,/y+9 isrejected.

x==2-+x+9

Since D, =R, =[-9,0),
f'ix —2-+/x+9, for x>-9
(b) The graph of y=g(x)for—1<x<7.
Y
A
y=gx)
(0,4)

{ W(l 2)
(_112)
X

ol (2,0 (6, 0)

(© R, =[0,4] from part (b) and D_, =[-9, ») from part (a)

SinceR, = D, f™'g exists.

f7'g(6) =1"[g(6)]
=f[g(2)]  <since g(x)=gx+4), . g(2)=g(6)
=f'[2(2)—4] < subsitute x =2 into g(x) = 2x—4
=f7(0)
=2-9

=-5
- fg(6)=-5
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